A system of PDEs for the electromagnetic field and one real component of the spinor field is generally equivalent to spinor electrodynamics. There are reasons to believe that the component can be differentially eliminated from the system. A Lagrangian depending on the electromagnetic field and one real component of the spinor field generally describes the same physics as spinor electrodynamics.
I. INTRODUCTION
Spinor electrodynamics (Dirac-Maxwell electrodynamics) is a reasonably realistic and important theory as its quantization yields quantum electrodynamics.
Some recent results suggest a possibility of differential elimination of the spinor field from the equations of spinor electrodynamics. On the one hand, the matter field can be algebraically eliminated from scalar electrodynamics (Klein-Gordon-Maxwell electrodynamics) in the unitary gauge, the resulting equations describe independent evolution of electromagnetic field, and can be naturally embedded into a quantum field theory [1] [2] [3] . On the other hand, similar results can be obtained for spinor electrodynamics, but at the cost of introduction of a complex 4-potential of electromagnetic field [3] , which is less satisfactory.
In the following, the results of [4] are used, where it was shown that, in a general case, three out of four complex components of the Dirac spinor function can be algebraically eliminated from the Dirac equation, and the remaining component can be made real (at least locally) by a gauge transform. In Section II, the equations of spinor electrodynamics are rewritten as five real partial differential equations (PDE) for the 4-potential of electromagnetic field and the only real component of the spinor field ψ 1 . The equations contain derivatives of ψ 1 of up to the third order. According to simple and probably naive calculations, taking all derivatives of up to the fourth order of these equations with respect to the four spacetime coordinates may yield an algebraic system of polynomial equations (with respect to derivatives of ψ 1 of up to the seventh order) that contains more equations than indeterminates. Therefore, hopefully, ψ 1 can be expressed via the 4-potential of the electromagnetic field and its derivatives using this system of equations and eliminated from the equations of spinor electrodynamics. The system is very large, so it is not clear if this elimination can be actually performed even using state-of-the-art hardware and software.
It is also difficult to say if the resulting equations will describe independent evolution of electromagnetic field, but one can hope so based on the results for scalar electrodynamics.
So what could be the benefits of elimination of the spinor field from spinor electrodynamics? It would reveal that modified Maxwell equations can describe both the electromagnetic and spinor field (cf. [5] ), allow natural embedding of spinor electrodynamics in a quantum field theory (cf. [3] ) and possibly suggest a new approach to quantization of spinor electrodynamics. One can also speculate that the structure of solutions of the system of polynomial equations may be quite different for some specific value of the fine-structure constant α, which could provide a hint on the theoretical value of this constant.
In Section III, a Lagrangian of spinor electrodynamics is derived where the spinor field is described by just one real component. This is not trivial, as elimination of the three components of the spinor from the Dirac equation and making the remaining component real by a gauge transform actually yields two real equations for the real component. However, one of the equations is equivalent to the current conservation equation, which follows also from the Maxwell equation. The Lagrangian derivation is similar to that for scalar electrodynamics, where the scalar matter field can be made real by a gauge transform [6] , and a Lagrangian [7] can be derived where the charged matter field is described by one real function [3, 8] .
Furthermore, the matter field can be eliminated from the Lagrangian, and the resulting Lagrangian generally describes the same physics as scalar electrodynamics, but depends only on the electromagnetic field [8] .
II. AN APPROACH TO ELIMINATION OF THE SPINOR FIELD FROM THE EQUATIONS OF SPINOR ELECTRODYNAMICS
The equations of spinor electrodynamics are as follows:
where, e.g., / A = A µ γ µ (the Feynman slash notation), and a derivative with a left arrow above acts to the left. For the sake of simplicity, a system of units is used where = c = m = 1, and the electric charge e is included in A µ (eA µ → A µ ). The chiral representation of γ-matrices
is used, where index i runs from 1 to 3, and σ i are the Pauli matrices.
The spinor field ψ and the electromagnetic field A µ depend on the spacetime coordinates
The metric tensor used to raise and lower indices is [9] 
Now, to fix the gauge, let us require that ψ 1 , the first component of the spinor field
is real: ψ 1 = ψ * 1 . As ψ 1 generally does not vanish identically, this does fix the gauge (in a general case). Now let us eliminate all spinor components but ψ 1 from the equations of spinor electrodynamics (1,2,3) under the gauge condition.
We will use the elimination process of work [4, 10] . The Dirac equation (1) can be written in components as follows:
Obviously, equations (8, 9) can be used to express components ψ 3 , ψ 4 via ψ 1 , ψ 2 and eliminate them from equations (6,7) (cf. [11] ). The resulting equations for ψ 1 and ψ 2 are as follows:
where
and the modified d'Alembertian ′ is defined as follows:
Using the above notation, equation (11) can be rewritten as follows:
so equation (12) can be used to eliminate ψ 2 from equation (29), yielding an equation of the fourth order for ψ 1 :
Note that this complex equation contains two real equations for the real component ψ 1 .
In particular, these two equations imply current conservation. The current conservation can be written in the following form [4, 10] :
where δ is the left-hand side of equation (16).
Obviously, equation (16) also implies the following equation:
One can check that this equation is a PDE of the third order with respect to ψ 1 .
In a general case, Im(
) does not vanish identically, so the system containing equations (17,18) is equivalent to equation (16). On the other hand, current conservation (17) follows also from the Maxwell equation (3) . Thus, if we eliminate all spinor components except ψ 1 from equation (3) using equations (8, 9, 12) and add equation (18), we will obtain a system (A) of five real PDEs of the third order with respect to the real indeterminate ψ 1 , and this system of equations is generally equivalent to the equations of spinor electrodynamics Therefore, system (B) will contain no more than
such derivatives, which we can regard as indeterminates of a system of polynomial equations.
Therefore, there are more equations than indeterminates in system (B), so, hopefully, it is possible to use the system to express ψ 1 via components of the 4-potential of electromagnetic field and their derivatives and thus eliminate the spinor field from spinor electrodynamics.
The above estimates may be naive, and more rigorous estimates, such as those of [12] may be required.
III. LAGRANGIAN OF SPINOR ELECTRODYNAMICS WITH JUST ONE REAL FUNCTION TO DESCRIBE CHARGED SPINOR FIELD
The Lagrangian of spinor electrodynamics is [9, 13] 
Let us derive the equations of motion for Lagrangian
where the Lagrange multiplier λ = λ(x) is real, under the condition ψ * 1 − ψ 1 =0. It is not difficult to obtain:
and the Maxwell equation (3) does not change.
Let us add equation (24) multiplied byψ from the left and equation (25) multiplied by ψ from the left:
On the other hand,
as the Maxwell equation (3) (iγ µ ψ ,µ −A µ γ µ ψ−ψ).
Equation (11) can be rewritten as follows:
Using (8, 9, 12, 29) , one can see that all components of iγ µ ψ ,µ − A µ γ µ ψ − ψ vanish except for the second one, which equals the left-hand side of (30). As the second component ofψ is
(cf. (9)), we obtain the following Lagrangian of spinor electrodynamics with just one real function to describe charged spinor field:
where ψ 1 is real and
Simplification of the Lagrangian and derivation of its relativistically covariant form along the lines of [14] is left for future work.
IV. CONCLUSION
A system of five PDEs for the 4-potential of the electromagnetic field and one real component of the spinor field is generally equivalent to spinor electrodynamics. The equations are of the third order with respect to the component of the spinor field, and there are reasons to believe that the component can be differentially eliminated from the system. It is not clear, however, if this elimination can be actually performed using state-of-the-art hardware and software or if the resulting equations will describe independent evolution of electromagnetic field.
A Lagrangian depending on the 4-potential of the electromagnetic field and one real component of the spinor field generally describes the same physics as spinor electrodynamics.
